In this paper, we first introduce the concept of uniformly locally contractive mapping. Second, complete metric space is modified to be a connected complete metric space. Third, Our generalization of the Banach contraction principle replaces the global contraction hypothesis with the local contraction hypothesis. Then we investigate the behavior for mappings satisfying uniformly locally Geraghty contraction on connected complete metric space. Finally, we establish a new existence and uniqueness result of fixed point theorem.
Introduction
Our generalization of the Banach contraction principle replaces the global contraction hypothesis with the local contraction hypothesis [8] . The aim of this paper is to establish a new fixed point theorem for mappings satisfying uniformly locally Geraghty contraction in the setting of connected complete metric space. For a survey of Geraghty contraction, see articles of Rosa et al. [9] , [10] . An example is provided to illustrate the main result. Our result generalizes Edelstein's and Geraghty's fixed point theorems.
Fixed point theory plays a significant role in nonlinear functional analysis. It has been applied in physical sciences, Computing sciences and Engineering,etc. In 1922, Stefan Banach [1] proved a famous fixed point theorem for contractive mappings on complete metric spaces. It guarantees that the existence and uniqueness of fixed points of certain self mappings on complete metric spaces, and provides a constructive method to find fixed point. From then on, plenty of generalizations in various different aspects of the Banach contraction principle have been investigated by many scholars. Because of the importance of the Banach contraction principle, we begin with the theorem as following.
Theorem 1.1. (B.C.P) [1] Let (X, d) be a complete metric space and T : X → X be a selfmap. Assume that there exists a nonnegative number γ < 1 such that d(T x, T y) ≤ γd(x, y) for all x,y ∈ X.
Then T has a unique fixed point in X. Moreover, for each x ∈ X the iterative sequence {T n x} converges to the fixed point.
In 1973, Michael A. Geraghty [6] gave a generalization of Banach contraction principle for contraction condition of a functional form. Definition 1.2. Let S denotes the class of the functions β : [0, +∞) → [0, 1) which satisfies the condition β(t n ) → 1 ⇒ t n → 0 . Theorem 1.3. [6] Let (X, d) be a complete metric space and T : X → X be a selfmap. Assume that there exists β ∈ S such that
Preliminaries
Michael Edelstein [4] asked whether the Banach contraction principle could be altered so as to be valid when contraction condition is assumed to hold for sufficiently closed points only. In 1961, he generalized the Banach contraction principle for mapping of a uniformly locally contraction. This brings a view point of locally contraction which is different from globally point of view. In addition, see Dumitru [3] and Hu [7] for related researches. Definition 2.1. A map T : X → X is said to be locally contractive, denoted (LC), if for every x ∈ X there exist numbers x > 0 and λ x ∈ [0, 1) such that for all y, z ∈ X with y, z ∈ B(x; x ) implies d(T y, T z) ≤ λ x d(y, z). Moreover, T is uniformly locally contractive, denoted (ULC), if the same and λ work for all x ∈ X, which we also indicate by saying that T is ( , λ)-(ULC).
Definition 2.2.
For > 0, we say that (X, d) is -chainable, provided for every p, q ∈ X there exists a finite sequence s = x 0 , x 1 , x 2 , ..., x n , referred to as an -chain from p to q, such that x 0 = p, x n = q, and d(x i , x i+1 ) < for all i < n. The length of the -chain s is defined as length(s) = In order to develop our fixed point theorem, we define a map called uniformly locally Geraghty contractive mapping. Definition 2.5. A map T : X → X is said to be uniformly locally Geraghty contractive, denoted (ULGC), if there exist > 0 and β ∈ S such that for all x, y ∈ X with d(x, y) < implies d(T x, T y) ≤ β(d(x, y))d(x, y). In this case, we say that T is ( , β)-(ULGC).
In this paper, we generalize Edelstein's and Geraghty's fixed point theorems to develop our theory. First, metric space is altered to be a connected complete metric space. Second, we modify contraction mapping to be a uniformly locally contraction of a functional form.
Main results
In this section, we investigate the behavior of uniformly locally Geraghty contractive mappings in the setting of connected complete metric space. Then we establish a new existence result of fixed point theorem and give a constructive process to find the unique fixed point.
) is a connected complete metric space and T : X → X is (η, β)-(ULGC), then T has a unique fixed point in X. Moreover, for each x 0 ∈ X the iterative sequence {x n } n∈N {0} in X converges to the fixed point.
Proof. Since T is (η, β)-(ULGC), there exist η > 0 and β ∈ S such that for all y, z ∈ X with d(y, z)
, there exist a positive number and a sequence z (1, 0) , z (1, 1) , z (1, 2) , ...., z (1,k) such that
Applying that T is (η, β)-(ULGC) on (3.1). We have
Thus, we construct a sequence z (2,0) , z (2,1) , z (2, 2) , ...., z (2,k) such that
Thus, we construct a sequence z (3, 0) , z (3, 1) , z (3, 2) , ...., z (3,k) such that
Continuing in this way. If x n 0 +1 = x n 0 for some n 0 ∈ N, then T (x n 0 ) = x n 0 . That is, x n 0 is the fixed point of T and we are finished. So we may assume that x n+1 = x n for each n ∈ N. Thus we obtain a diagram as follows:
It follows from Squeeze Theorem that lim 
It follows from Claim1 that
Claim3: {x n } is a Cauchy sequence. Suppose not. Then there exists a positive number 0 such that
So we obtain two sequences {p i } and
Continuing in this way, we obtain two subsequences {x n i } and By applying that T is (η, β)-(ULGC) on (3.6), we have
This contradicts to 0 ≥ . According to arguments case 1 and case 2, {x n } is a Cauchy sequence. Because of (X, d) is complete. Sequence {x n } must converge to a point in X, say a. Claim4: a = T (a). Fact1: d(a, T a) < ξ ∀ ξ > 0 with ξ < . Let ξ > 0 be given with ξ < . Since lim n→∞ x n = a. So there exists a positive integer K such that d(x n , a) < ξ 2 < < η whenever n ≥ K. In particular,
and d(x K+1 , a) < ξ 2 < < η.
By applying that T is (η, β)-(ULGC) on (3.7), we have
Thus,
Since ξ > 0 is arbitrary and ξ < . Therefore, c (1,0) , c (1,1) , c (1,2) , ..., c (1, ) such that
(3.8)
By applying that T is (η, β)-(ULGC) on (3.8), we have
In addition, we set c (2,i−1) = T (c (1,i−1) ) ∀ i = 1, 2, 3, ..., + 1. Thus we construct a sequence c (2,0) , c (2,1) , c (2,2) , ..., c (2, ) such that a = c (2,0) , b = c (2, ) , and d(c (2,i−1) , z (2,i) ) < < η ∀ i = 1, 2, 3, ..., .
(3.9)
By applying that T is (η, β)-(ULGC) on (3.9), we have
In addition, we set c (3,i−1) = T (c (2,i−1) ) ∀ i = 1, 2, 3, ..., + 1. Thus we construct a sequence c (3, 0) , c (3, 1) , c (3, 2) , ..., c (3, ) such that a = c (3, 0) , b = c (3, ) , and d(c (3, 
where a = c (3, 0) , b = c (3, ) , and d(c (3, 
Continuing in this way, we obtain a diagram as follows: (3, 0) , c (3, 1) , c (3, 2) , .... , c (3, ) 
) is a connected complete metric space. We define
where η = 1 2 and
Indeed, whenever f and g are in
) whenever f and g are in C[0, 1] with d(f, g) < η . By applying our Theorem 3.1., T has a unique fixed point h in C[0, 1] such that T (h) = h.
Corollary 3.3.
Assume that (X, d) is a complete metric space and T : X → X is (η, β)-(ULGC). If X has a finite number of components, then
Proof. Since X has a finite number of components. We can assume that (C, d) is also complete. Notice that C is connected. Then, consider the restriction of T n 0 : X → X to subset C ⊂ X, denoted by T n 0 | C . By applying our Theorem 3.1. to T n 0 | C : C → C, T n 0 has a fixed point in (C, d) . Therefore, we find a positive integer n 0 such that T n 0 has a fixed point in (X, d). 
